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Derangements: introduction

A derangement o of a set S is a permutation of S admitting no
fixed points; i.e., 0: S — Sis a bijection such that o(x) # x for

each x € S.
Notation
dn = number of derangements of {1,2,...,n}

Example

n| dp | derangements of {1,2,...,n}

1 0| o

2 11{21}

3 2 | {231,312}

4 9 | {2143,2341,2413,3142,3412,3421,4123,4312,4321}

5| 44| {31452,...}

6 | 265 | {534621,...}

14
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Derangements: summary

|
[dn - i + En]
e
1
[En<§ for each n>1]
: n!
[dn = integer closest to E]
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o Gamma function (and other integrals) form a bridge
between discrete and continuous mathematics.

« Connection manifests nicely in counting matchings.

 Ties can be fruitful, not merely beautiful.
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Proposition

Theorem (Godsil, 1981)
If G is a spanning subgraph of K, then

=(@)= 5= [ agle e
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Matchings polynomials

/2
ag(t) = D (=) fua(k)t"2

k=0

Hermite polynomials

Hlt) = (—1)e 2 S (e12)

Proposition

ak,(f) = Hn(1)
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Further Reading

Books

¥ E. Artin.
The Gamma Function.
Holt, Rinehart and Winston, New York, 1964.

¥ C.D. Godsil.
Algebraic Combinatorics.
Chapman & Hall, New York, 1993.

¥ J. Riordan.
An Introduction to Combinatorial Analysis.
John Wiley & Sons, Inc., New York, 1958.
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Articles

[§ E.E.Emerson and PM. Kayll.
A short proof of the Joni-Rota-Godsil integral formula for
counting bipartite matchings.
Submitted for publication, 2009.

[ C.D. Godsil.
Hermite polynomials and a duality relation for matching
polynomials.
Combinatorica1 (1981), 257-262.

[H S.A.Joniand G.-C. Rota.
A vector space analog of permutations with restricted
position.
J. Combin. Theory Ser. A 29 (1980), 59-73.
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